A comment on chiral restoration at finite baryon density in hyperspherical unit cells 
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Prompted by recent work of Adhikari, Cohen, Ayyagari and Strother On chiral symmetry restora- 
tion at finite density in large-N c QCD (Phys. Rev. C 83, 065201 (2011)), we revisit the description 
of dense baryonic matter in terms of hyperspherical unit cells. We focus mainly on the interpretation 
of the unique energy, curvature and symmetry properties which enable such 5 3 cells to describe full 
chiral restoration in Skyrme models and which markedly distinguish them from the fiat and periodic 
unit cells of Skyrmion crystals. These key features clarify, in particular, why an S 3 cell interpre- 
tation as a crystal-cell model in which the specific cell geometry is without physical significance, 
as tentatively adopted by Adhikari et al., is insufficient. The ensuing criticism does therefore not 
apply to the usual interpretation of S 3 cells which we describe. We also suggest a few directions in 
which the latter interpretation may be developed further. 

PACS numbers: 11.15.Pg, 12. 38. Aw, 21.65.-f 



I. INTRODUCTION AND MOTIVATION 

The recent work of Adhikari et al. on chiral symme- 
try restoration at high baryon densities in QCD with a 
large number N c of colors [l| contains a section which dis- 
cusses chiral restoration in the "hypersphere approach" 
0-I3- The latter describes dense matter in models of 
Skyrme type [B[ by means of generalized, curved unit 
cells with the geometry of a three-dimensional sphere S 3 . 
This geometry was selected because the interplay of its 
symmetry group SO (4) with the chiral SU(2) x SU(2) ~ 
SO (4) symmetry of the dynamics uniquely enables such 
hyperspherical cells to model chiral restoration beyond 
a critical density [3, Q. In fact, S 3 is the only unit-cell 
geometry in which the Skyrmion can attain its absolute 
energy minimum and in which the transition to a chirally 
restored phase can take place. 

The above properties provided the original motivation 
for studying S 3 cells in the Skyrme model 0, HJ. At 
this stage no analogies with the flat unit cells of periodic 
Skyrmion arrays were made. Only later it was realized 
that the discrete "half-Skyrmion" symmetry Q, which 
emerges in the high-density phase of Skyrmion crystals 
0, is restored together with the chiral group on S 3 as 
well [ij . Since several consequences of full chiral restora- 
tion on S 3 turned out to require just the half-Skyrmion 
symmetry, it was further argued in Ref. Q that the 
emergence of the latter should be interpreted as signal- 
ing chiral restoration in the restricted setting of Skyrmion 
crystals. Moreover, calculations in S 3 cells proved to be 
far less complex than those in flat, periodic unit cells f24j . 
The crucial impact of the specific hypersphere properties, 
especially on the density-dependent multiplet structure 
of the Goldstone bosons and other excitations, further- 
more strengthened the original view that S 3 cells provide 
an independent and with regard to chiral symmetry prop- 
erties more complete description of dense matter. 

A rather different interpretation of hyperspherical cells 
was recently explored in Ref. [l|. Motivated by the sug- 
gested quarkyonic dense-matter phase at large N c @, 
the bulk of Ref. [l| investigates chiral restoration con- 



ditions in Skyrme models and in large- N c QCD. This 
raised the question to what extent S 3 cells can be con- 
sidered as faithful models for the flat, periodic unit cells 
of Skyrmion crystals. To address this issue, the authors 
of Ref. [l| adopt the position that the sole purpose of 
hyperspherical unit cells should be to "approximate a 
Skyrmion in the crystal" [25| . In addition, they assume 
"that the principal effect of putting a Skyrmion into a 
crystal is to restrict the space over which it can spread" 
and "that using a hypersphere to restrict the volume of 
the Skyrmion acts generically like other restrictions on its 
volume" . Below we will explain why these assumptions, 
which would deprive the cell geometry of its physical sig- 
nificance [l[, are oversimplifications. Indeed, they ignore 
the unique energy, symmetry and curvature properties of 
the S 3 geometry and would not even hold for the flat unit 
cells of Skyrmion crystals. In addition, these premises 
lead the authors of Ref. [l[ to the unduly pessimistic 
conclusions that "the special properties of the geometry 
... make the (gained) intuition totally unreliable even for 
qualitative issues associated with chiral symmetry break- 
ing and its possible restoration in the average sense" and 
that the "evidence for chiral restoration ... was an arti- 
fact of the hyperspherical geometry" . 

The main purpose of the present note is to clarify that 
the above criticism, based on the problematic interpre- 
tation of Ref. [lj , does not apply to the standard S 3 cell 
interpretation. To this end, we will discuss the physical 
significance of the S* 3 geometry [26], address the prob- 
lems with the premises underlying the interpretation of 
Ref. [l[, and point out an important difference between 
chiral restoration "in the average sense" in flat space and 
curved cells. Finally, we will suggest a possible extension 
of the S 3 unit cell interpretation. 



II. THE UNIQUE "CHIRAL" SIGNIFICANCE 
OF S :i UNIT CELLS 



We start by reviewing those key features of hyper- 
spherical unit cells which first suggested their physical 
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significance. These properties will also help to explain 
what prevents the related results from being "an artifact 
of the (unphysical) choice of geometry" , as they would 
appear to be in the problematic interpretation of Rcf. 

In fact, in models of Skyrme type Q several essen- 
tial dense-matter properties turned out to be uniquely 
encoded into S 3 unit cells [H, 3 ■ Manton demonstrated 
this uniqueness by considering generalized Skyrmions as 
topologically nontrivial maps between two Riemannian 
manifolds, i.e. E ce u (the unit cell space) and E (the tar- 
get space in which the fields take values) p|. He noted, 
in particular, that "the metrics on both E ce n and E are 
essential" and that "the energy of the Skyrmion is a mea- 
sure of the geometrical distortion induced by the map" . 
In fact, since chiral symmetry allows only gradient inter- 
actions among the pions and since those are exceptionally 
sensitive to the local background curvature, one expects 
an enhanced impact of the E co n metric on even qualita- 
tive dense-matter predictions. 

As in the nonlinear a model, the chiral symmetry of the 
Skyrme dynamics is nonlinearly realized (lp| on its un- 
broken isospin subgroup SU(2) ~ S 3 , i.e. E = S 3 . (For 
simplicity, we assume exact chiral SU(2) x SU(2) symme- 
try of the dynamics and exact SU(2) isospin symmetry of 
the vacuum.) Hence the energetically privileged role of 
Ecdi = S 3 emerges already at this qualitative level. More 
quantitatively, the interplay between the Skyrmion's en- 
ergy and topology results in an absolute energy minimum 
given by the Bogomol'ny (or Faddeev) bound ||. Since 
the Skyrmion's energy functional is an efficient measure 
of the metric deformation between the unit cell E ce n and 
the target space E, the field configuration which satu- 
rates the Bogomol'ny bound should not induce any such 
deformation. This requires both E ce n and E to have the 
same metric. Hence S 3 is the unique unit-cell geometry 
in which the Skyrmion can become the metric preserving 
identity map [271 ] and thereby attain its absolute energy 
minimum. 

In addition, S 3 is the unique space which SO (4) trans- 
formations leave invariant. The Skyrmion's "hedgehog" 
coupling between space and isopace links this isometry 
group to the chiral SU(2) x SU(2) ~ SO(4) group which 
acts analogously on the internal field space E = S 3 . This 
provides the key to understanding why chiral restoration 
(beyond the critical density and in a sense to be speci- 
fied below) is possible only in S 3 unit cells. Indeed, the 
symmetry group G of the Hamiltonian (for static fields) 
in general unit cells E ce n is the product of the spatial 
cell symmetries G cc ii and of the chiral group SO (4) ~ 
SO (3) L x SO (3) R . In the presence of a semi-classically 
quantized Skyrmion, the symmetry of the spectrum is 
reduced to the subgroup of G which leaves the Skyrmion 
invariant. Due to the hedgehog-type coupling x % r % in the 
Skyrmion solution U (x) = exp [ix l r l F (\x\)] this group 
includes the diagonal subgroup of spatial and SO(3) iso 
isospin rotations (where the latter belong to the diago- 
nal subgroup of SO(4) ). 

In the familiar flat-space example E co n = R 3 one 



thus has G coU = T(R 3 ) x SO(3) rot where T (R 3 ) are 
the translations in R 3 . Since the localized, classical 
Skyrmion breaks translational invariance while isospin 
rotations can be undone by spatial rotations around 
the Skyrmion's center, only the diagonal subgroup 
SO(3) grand = diag{SO (3) rot x SO(3) iso } consisting of 
simultaneous spatial and isospin rotations leaves the 
Skyrmion invariant. In other words, chiral (as well as 
rotational and translational) symmetry is spontaneously 
broken to the so-called "grand spin" from which isospin 
(and rotational) symmetry can be recovered by projec- 
tion [HI- 

We now return to the description of dense matter and 
search for a three-dimensional unit cell E ce u whose sym- 
metry enables a full chiral SO (4) group to leave the 
Skyrmion invariant. The hedgehog coupling suggests 
to write G ce n = T(E cc n) x SO(3) rot as the product of 
the rotations around the Skyrmion center and the coset 
of "generalized translations" T(E cc n) := G C cii/SO(3) ro t 
which move this center around the cell. Since SO(3) ro t 
is linked to SO(3)j so as above, with the Skyrmion leav- 
ing only their diagonal subgroup invariant, we look for 
an extension of the grand-spin subgroup to SO (4). This 
requires the full SO (4) to take part in one factor, and 
the latter to be multiplied by the extension of SO(3) ro t to 
an analogous G CG n = SO (4) . The unique cell with this 
symmetry group is E ce n = S 3 . Hence the hypersphere 
is indeed the only cell geometry in which the invariance 
group of the Skyrmion can become SO (4). 

Two generic situations must now be distinguished. For 
cell radii L which are large compared to the Skyrmion's 
size, the Skyrmion is localized on S 3 and therefore T (S 3 ) 
is spontaneously broken. For L equal to or smaller than 
a critical radius, on the other hand, the Skyrmion on 
S 3 delocalizes completely. As discussed above, at the 
critical radius it becomes the energy-minimizing iden- 
tity map between E ce n = S 3 and E = S 3 . Hence 
no center is singled out anymore either in E ce u or in 
E, and any generalized translation can be compensated 
by the corresponding "translation" from the axial coset 
SO(4) x /SO(3) iso on the field manifold. The symme- 
try group of the identity-map Skyrmion is therefore 

SO(4) x , = diag{sO(4) ccll x SO(4) x }. After pro jec- 

tion as above, this SO (4) , turns into the standard chiral 
group which is thus indeed restored. 

The above, complete chiral restoration implies that all 
averaged jffiiral order parameters disappear, as noticed 
in Ref. [l|, and leaves crucial imprints on the fluctua- 
tion spectrum around the Skyrmion in the S 3 cell 0]. 
Below the critical density the excitations fall (after pro- 
jection) into isospin multiplets and include a triplet of 
massless Goldstone pions, i.e. the telltale signature of 
spontaneously broken chiral symmetry. At and beyond 
the critical density, on the other hand, the spectrum is 
classified by the larger, chiral SO (4) group. The former 
Goldstone bosons, in particular, join their three parity 
partners in a degenerate chiral multiplet whose mass in- 
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creases with the density |4|, as expected from complete 
chiral restoration. 

Several additional features of the above restoration 
mechanism were studied later and revealed, for example, 
an interesting interplay with kaon condensation [12j . For 
more recent work on Skyrmions in hyperspherical cells 
see Ref. An interesting appearance of S 3 cells in 

the context of holographic QCD [14{ is related to instan- 
tons on S 3 [l5| which generate approximate Skyrmion 
solutions by means of the Atiyah-Manton map [16| . 



III. ADDITIONAL ASPECTS OF THE S :i CELL 
INTERPRETATION 

The key properties discussed above provide the basis 
for the physical interpretation of S 3 Skyrmion cells. Nev- 
ertheless, some of their more unconventional features, in- 
cluding several of those which set them even qualitatively 
apart from flat, periodic unit cells, still await a better 
understanding. In the present section we suggest a few 
directions in which the understanding of S 3 cells may po- 
tentially be improved, and we address the problems with 
the interpretation of Ref. [1] in more detail. 

We start by recalling that S 3 unit cells were found to 
describe principal features of dense matter even in chiral 
models which are not of Skyrme type. In the remark- 
ably different Nambu Jona-Lasinio (NJL) model [17|, in 
particular, where chiral symmetry is broken by interac- 
tions among quarks which carry intrinsic baryon number 
but no topology, a growing baryon density described by 
S 3 unit cells was shown to trigger the transition to the 
chirally restored phase as well [18|. Simultaneously, at 
a critical density consistent with standard values, the 
previously massless and tightly bound Goldstone pions 
disappear 19]. Again the increasing curvature of the 
S 3 unit cells, and not just their reduced volume, was 
found to play an explicit dynamical role in achieving chi- 
ral restoration. (In addition, the S 3 description naturally 
generalizes to finite temperature and reveals interesting 
analogies between the " geo metric" implementations of 
temperature and density [20].) The above results suggest 
that the S 3 unit-cell geometry encodes chiral interactions 
of nucleons with the ambient matter (l9| , in addition to 
those encoded in the flat-space model Lagrangian [28j . 
(The distortions of the S 3 geometry considered in Ref. 
[l| may thus be regarded as admixing additional interac- 
tions with the ambient matter, described by the pions' 
interactions with the deformed cell background. The lat- 
ter break chiral symmetry explicitly and thus prevent 
exact chiral restoration.) 

When attempting to put the above interpretation of 
the cell curvature as mediating chiral interactions with 
the surrounding baryons on a more solid basis, the lower 
bound on the Skyrmion energy, which can be saturated 
only on S 3 , provides a valuable hint. Indeed, one may in 
principle determine the cell geometry at a given density 
variationally, as done e.g. in condensed-matter physics. 



When minimizing the cell energy, including the contribu- 
tions from interactions with the surroundings, one may 
then allow by some stretch of the imagination not just 
the flat, extrinsic geometry (i.e. distances and boundary 
conditions) but even the intrinsic curvature of the cell 
to vary [19|. According to the arguments of Sec. HT1 the 
resulting cell geometry should then be S 3 , at least be- 
yond the critical density. In analogy to translating inter- 
actions with surrounding baryons into the variationally 
determined structure of flat unit cells, the S 3 curvature 
would then indeed encode additional, chiral interactions 
of the Skyrmion with the ambient matter. 

Even with such a potential dynamical origin of S 3 unit 
cells in mind, however, it still seems counterintuitive that 
their instrinsic curvature and missing boundary prevent 
them from being embedded into flat space. Neverthe- 
less, such curved cells should represent identical units of 
a self-repeating structure which describes a finite average 
baryon density, to be identified with the inverse of their 
volume, over macroscopic distances. In order to guess a 
potential explanation for the above observations it seems 
again helpful to draw intuition from the unique capability 
of S 3 cells to restore chiral symmetry. The latter agrees 
with QCD expectations and goes far beyond the discrete 
half-Skyrmion_(sub-) symmetry which Skyrmion arrays 
can restore [2{|. Hence S 3 cells represent at least this 
crucial aspect of chiral dense-matter physics more com- 
pletely than flat, periodic unit cells, and this is possible 
because they in a sense (cf. Sec. [TTJ) restore the transla- 
tional symmetry which crystals break spontaneously. 

Continuing this line of thought, it is tempting to spec- 
ulate that S 3 cells cannot be embedded into M 3 and di- 
rectly match on to "adjacent" cells because - unlike flat, 
periodic cells - they do not just encode interactions with 
their immediate "neighbors" . More specifically, their in- 
trinsic curvature may contain information on the aver- 
aged interactions with more distant or even all other cells. 
The non-locality of such averages could then reflect itself 
in a "dissolution" of the cell boundary. Moreover, the 
implied averaging procedure should be able to restore 
translational symmetry, which may be a prerequisite for 
full chiral restoration. 

Rather than contemplating additional physics which 
may potentially be encoded in the cell curvature, the 
minimalistic interpretation of Ref. [l[ takes the opposite 
route. It tentatively ignores even the impact of the ex- 
trinsic cell geometry and postulates that at least the qual- 
itative physics should not depend on it (cf. Sec. QJ. Hence 
the role of the cell is reduced to just providing a compu- 
tationally convenient volume with essentially arbitrary 
geometry to constrain the spreading of the Skyrmion. In 
view of the S 3 geometry's unique impact discussed in Sec. 
HT1 this assumption cannot be even qualitatively correct. 
Instead, the cell geometry (and topology) matters even 
at the qualitative level, as it does in the flat unit cells 
of conventional Skyrmion crystals with their remarkable 
sensitivity to the boundary conditions. (In fact, with- 
out the latter the half-Skyrmion symmetry would not 
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emerge.) On S 3 the impact of the geometry is further 
enhanced by the heightened sensitivity of the chiral dy- 
namics to the background curvature [30]. (Since the unit 
cell's boundary conditions determine the crystal struc- 
ture up to scales, their neglect would be inadequate in 
condensed-matter physics as well, incidentally.) 

Finally, it is instructive to reflect upon the impact of 
Rcf. [l]'s main result on the interpretation of S 3 cells. 
The authors of Ref. [l[ argue that all spatially-averaged 
chiral order parameters in flat-space Skyrme models and 
large-iV c QCD can simultaneously vanish only if chiral 
symmetry is also restored in the conventional, local sense 
(as signaled by the vanishing quark condensate in QCD). 
Since at least naively the former seems to happen without 
the latter in S 3 cells, one may suspect a contradiction 
with the hypersphere description of dense matter [3l| . As 
a matter of fact, the problematic interpretation of Ref. [l[ 
creates such a contradiction by postulating that 5 13 cells 
should faithfully model the flat unit cells of Skyrmion 
crystals. 

In the interpretation of S* 3 cells as an independent de- 
scription, on the other hand, it may at first appear that 
averting a contradiction requires some of the physics en- 
coded in hyperspherical cells to differ from that of dense 
matter in Skyrme models and large- N c QCD. Given the 
simplicity of the S 3 cell description and the lack of a first- 
principles derivation, this conclusion would not even be 
surprising. It is important to realize, however, that it 
would also be premature. This is because spatial aver- 
aging over the S 3 cell does not have to translate into 
uniform spatial averaging over some flat-space configu- 
rations, including those which the S 3 cells are supposed 
to describe [33 |. In the tentative interpretation of the 
previous paragraphs this becomes particularly obvious 
because in such a scenario the volume of a particular S 3 
cell does not even correspond to a specific and exclusive 



volume of dense matter in fiat space. 

Hence one should keep in mind that chiral restoration 
"in the flat-space average sense" as considered in Ref. 
[l[ is not identical to chiral restoration "in the curved- 
cell average" as it occurs in S 3 cells. As a consequence, 
there is a priori no reason for conclusions regarding chi- 
ral restoration in the flat-space average sense, including 
those of Ref. Q, to apply to chiral restoration in S 3 
cells as well. In fact, as alluded to above one may opti- 
mistically hope that the latter describes a situation which 
corresponds more closely to the conventional, i.e. local 
chiral restoration in dense matter than to the flat-space 
averaged version dealt with in Ref. [l[ . 



IV. CONCLUSION 

In this note we clarify that the interpretation of the 
hypersphere approach to dense matter as tentatively con- 
sidered in Ref. [Tj is based on inadequate premises. Al- 
though not always obvious in its presentation, the criti- 
cism of Ref. [l[ does therefore not apply to the standard 
interpretation and its chiral-restoration mechanism as de- 
scribed above. In particular, the standard interpretation 
does not require hyperspherical cells to be models of flat 
unit cells (several analogies and shared features notwith- 
standing), and it ascribes specific physical significance 
to the cell geometry as encoding chiral interactions with 
the ambient matter. We furthermore point out differ- 
ences between chiral restoration "in the spatial-average 
sense" in flat space and in curved cells, and we provide 
a few additional suggestions concerning the dynamical 
origin and potential physics content of S 3 cells. 

We thank Tom Cohen for extensive correspondence on 
the interpretation of the S 3 approach adopted in Ref. [l| . 
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